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Abstract: A detailed theoretical analysis of longitudinal NMR cross-relaxation for a proton pair attached to molecules with 
a variety of sizes and shapes is presented. The universally applied rigid isotropic model for calculating cross-relaxation behavior 
has been extended to treat a rotating proton pair on a spherical molecule and on prolate and oblate ellipsoids and a rigid proton 
pair on prolate and oblate ellipsoids. The nuclear Overhauser effect enhancement and the time dependence of two-dimensional 
NMR cross-peak intensity are calculated and compared to the simpler rigid isotropic case. When internal rotation is considered, 
it is shown that the nuclear Overhauser enhancement depends on the spatial aspects of the proton pair's motion. Likewise, 
the initial slope of the cross-peak evolution is a function of not only the internuclear distance but also the geometrical orientation 
of the proton pair and of rates of global and internal rotation as well. These results differ significantly with use of the rigid 
isotropic model. When the spatial aspects of motional averaging and internal rotation are ignored, calculated proton internuclear 
distances can be overestimated by up to 300%. The classification of cross-relaxation being either in spin-diffusion or ex­
treme-narrowing conditions does not necessarily characterize the rotational motion of the molecule as a whole if more than 
one rotational correlation time is included in the spectral density terms. Rigid protons in macromolecules such as proteins 
and small D N A / R N A segments are least sensitive to geometric factors. When internal motion or highly anisotropic global 
molecular motion is present, accurate interpretation and simulation of cross-relaxation behavior requires the full form of the 
spectral density functions described here. 

Introduction 
NMR studies of longitudinal cross-relaxation among protons 

are widely used to determine proton-proton internuclear distances 
in organic molecules,1 natural products,2 peptides and proteins,3 

DNA/RNA fragments,4 and oligosaccharides.5 With smaller 
molecules, the degree of cross-relaxation measured by either 
one-dimensional or two-dimensional experiments is most often used 
qualitatively to distinguish between structural candidates. 
Qualitative characterization of cross-relaxation in biomacromo-
lecules has also proven to be useful. A large number of qualitative 
distance constraints (usually simply classified as strong, medium, 
and weak) form the basis for computational methods used to 
construct three-dimensional structures.6 The time evolution of 
cross-relaxation in biomacromolecules can also be followed 
quantitatively.7 Buildup rates for cross-relaxation are used to 
calculate upper bounds on distances between pairs of protons. 
Either the initial slope or a full relaxation matrix analysis of the 
cross-peak time dependence is used to establish distance con­
straints. Often the cross-peak evolution of a proton pair with a 
known internuclear distance (e.g. a methylene group) is used to 
calibrate the distances for all of the other proton pairs of interest. 

Recently it has become desirable to check the validity of pro­
posed molecular structure(s) by calculating NMR cross-relaxation 
spectra from the predicted proton-proton distances. The NMR 
experiment is not subject to any assumptions or restrictions and 
quantitative simulations of relaxation spectra will only succeed 
when the underlying theory is complete. The rigid isotropic model 
of motional averaging is universally employed in homonuclear 
cross-relaxation experiments. In this model it is assumed that 
the overall molecular shape has spherical symmetry and internal 
motion of the interacting protons can safely be ignored.7,8 Any 
differences in the motional averaging for proton pairs in the 
molecule are not considered. Modulation of the internuclear vector 
between the proton pairs by internal rotation is described only 
by a single correlation time. The simple relationships that result 
indicate that, for a given correlation time, the internuclear distance 
will always be the dominant factor in the cross-relaxation equa-
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tions. Distance constraints calculated by using the simplified 
expressions have clearly been successful, particularly when applied 
to rigid networks of protons such as those found in the peptide 
backbones of proteins. However, no rigorous theoretical exam­
ination of the conditions where the rigid isotropic model is valid 
has been made. As the quality of the experimental data improves, 
it is important to carefully examine this model and, if necessary, 
to expand cross-relaxation theory. 

Many macromolecules (large proteins, DNA/RNA fragments, 
oligosaccharides, phospholipids, micelles, and semiflexible poly­
mers) deviate significantly from spherical symmetry. Practically 
all macromolecules have regions with heterogeneous internal 
motion. Because cross-relaxation is one of the most powerful 
methods for elucidating molecular structure, it is desirable to define 
the conditions where the rigid isotropic model can safely be applied. 
In this paper we investigate the importance of anisotropic mo­
lecular tumbling and internal rotation in the interpretation and 
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simulation of cross-relaxation phenomena. 

Theory 
Woessner and co-workers developed a theory to describe au-

tocorrelated relaxation in ellipsoids for proton pairs with and 
without internal motion.910 In this treatment the major axis of 
the ellipsoid rotates with a correlation time T1, and T2 is the 
correlation time about the minor axis. The proton pair rotates 
freely with correlation time T, about an axis at angle a with respect 
to the major axis of the ellipsoid. The internuclear vector between 
the two protons subtends an angle A with respect to the axis of 
its rotation (see Figure 3a). The formulae developed for this 
system were used to calculate 7", and T2 relaxation rates. They 
have been applied infrequently because of their relative complexity 
and because it is difficult to experimentally determine the relevant 
rotational correlation times. Nonetheless, applying Woessner's 
results to proton cross-relaxation is a practical starting point for 
expanding the quantitative utility of one-dimensional and two-
dimensional cross-relaxation experiments. Our results indicate 
that molecular shape and internal motion can have a significant 
effect on the intensity and time dependence of cross-relaxation. 
For a fixed set of global correlation times, the internuclear distance 
will not always be the dominant factor governing cross-relaxation. 

Longitudinal relaxation spectral density functions are the 
building blocks of relaxation calculations. If the proton pair spins 
freely, the formula for the autocorrelated spectral density functions 
is given by 

Jn M = K „ [ 5 A I / ; ( T A 1 ) + 5 A 2 / „ ( T A 2 ) + B A 3 / " „ (T A 3 ) + 

BBMTBI) + BB2fn(rB2) + B%ifn(rBi) + 5 C I / « ( T C I ) + 

5 c / n ( r c 2 ) + 5 C / B ( T C 3 ) 3 (1) 

where Kn = 4/5, 2/,5, and 8/15 for « = 0, 1, and 2, respectively. 
The form of the spectral density functions, /„ , used in (1) is that 
used by Woessner.9 '10 Their relationship to other commonly 
encountered forms of the spectral density functions can be found 
in the Appendix included in the supplementary material. Equation 
1 is the complete expression for the spectral density functions for 
the general case of a nonspherical ellipsoid with unhindered in­
ternal motion. No simplifying assumptions or restrictions are 
imposed. 

The flA, 5 B , and Bc coefficients in eq 1 reflect the spatial aspects 
of the tensor operators responsible for the relaxation of longitudinal 
magnetization. Their complete form is given in eq A2a-A2i in 
the Appendix (supplementary material) and in the original ref­
erences.910 The terms in the BA, flB, and B0 coefficients are related 
to the symmetry properties of second rank spherical harmonics.12 

T h e / , (TJ) terms in (1) can be written as 

f»iri)-r—p-—2 ( « - 0 , 1 , 2 ) (2) 

where Tj represents the expressions for the nine effective correlation 
times, TA|-TC3, required to describe free rotation of a proton pair 
attached to an ellipsoid-shaped molecule. The T1 terms are com­
posed of ratios of products and sums of Tt, T2, and rr The complete 
expressions for the TAI-TC3 correlation times are given in the 
Appendix (supplementary material) and in the original refer­
ences.9'10 

The nuclear Overhauser effect enhancement, IJ, with the values 
for Jn given in eq 1 is 

J0 ~ 9J2 
V~ J0+ 187, + 9J2 + (4/?s/5ir<?) ( 3 ) 

where Rs is the rate of relaxation due to sources other than the 
dipole-dipole relaxation between the two protons and q is the 
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T. K.; Osmet, P. A.; Sanctuary, B. S. J. Magn. Reson. 1984, 60, 382. 

Duben and Hutton 

collection of values q = (\/\0)(yH*h2/r*) and r is the distance 
between the protons. The values for ?j described in eq 3 are based 
on the steady-state, presaturation technique. Similar results hold 
for the exchange of longitudinal magnetization through cross-
relaxation as measured in homonuclear, two-dimensional exper­
iments (NOESY).1314 For a proton pair, simple substitution of 
the formulae in ref 14 shows that in two-dimensional spectra the 
ratio of cross-peak to diagonal-peak intensity at the optimum 
mixing time is -JJ, as calculated here. 

The time evolution of the cross-peak intensity in a two-di­
mensional cross-relaxation study can be calculated by substitution 
of the complete spectral densities described in eq 1 into the 
equations in ref 14. The rate of change of cross-peak intensity, 
/AB, with respect to mixing time, tm, for cross-relaxation between 
two protons A and B is14 

M\B {9 J2 - JQ) 

IT = - ( A / ° / 4 ) i r o / A i [ ( / ? c + *L)(exp(-*c'»)) -
<»m 1(9^2 ~ JoH 

RLcxp(-Rhtm)] (4) 
where M0 is the equilibrium Z magnetization; Rc contains the 
cross-relaxation terms; and RL contains the leakage relaxation 
terms. The expressions used in eq 4 are defined in an Appendix 
in the supplementary material. 

The calculation of either rj or cross-peak evolution including 
the effects of molecular shape and the orientation of a proton pair 
undergoing internal motion can be done with eqs 3 or 4. There 
are three general cases where molecular symmetry and/or lack 
of internal motion simplify the expressions in eq 1. 

A sphere without internal motion is the frequently used rigid 
isotropic model. The standard equations applied in this model 
can be derived by using spectral density functions calculated from 
eq 1 with T, = T2 = TC and TC « T,.8 AS TC increases, i) changes 
from positive to negative values, illustrating the change from above 
to below extreme-narrowing conditions. Since the molecule is 
spherical and there is no internal motion, the placement of the 
protons is irrelevant. 

When the sphere has a rotating proton pair, T, = T2 - TC, only 
functions in A survive in the angular factors. The complete 
equations for Jn and the expressions for the required correlation 
times are found in the Appendix (supplementary material). 

When T) ?* T2 but rr» T1, T2, we have an ellipsoid in which 
the protons are effectively fixed as the molecule tumbles. The 
spectral density functions, Jn, become 

Jn = (K„/2) (1 - 3 cos2
 A)2/„(T2) + 

3[sin2 ( 2 W n ( ^ ) + 3(sin4 A ) / „ ( ^ ; ) ] (S) 

The only angle involved in eq 5 is A (the angle that the in­
ternuclear vector makes with the major axis of the ellipsoid). The 
proton pair assumes all possible orientations as the molecule 
tumbles. In deriving eq 5 the fundamental correlation function, 
{F„(t)Fn(t + O), was integrated to evaluate Woessner's spectral 
density equations.9 Functions over the angle a generate (sin2 a 
+ cos2 a) terms that are always unity, thereby removing any 
angular dependence on a. Choosing, for convenience, a value of 
0 for a allows us to associate the angle A in Figure 3a with the 
terms containing A that appear in eq 5. 

Results 
In order to investigate the effects of molecular symmetry and 

internal rotation on cross-relaxation, eq 3 and 4 were used to 
calculate the JJ and cross-peak evolution for a number of situations 
often encountered in N M R studies. The results for a spectrometer 
frequency of 500 MHz , an internuclear distance of 3.46 A, and 
/?s = 0 are listed in Tables I—III and are graphically depicted in 

(13) Jeener, J.; Meier, B. H.; Bachmann, P.; Ernst, R. R. J. Chem. Phys. 
1979, 71, 4546. 

(14) Macura, S.; Ernst, R. R. MoI. Phys. 1980, 41, 95. 
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Table I. Nuclear Overhauser Effect Enhancements and Calculated 
Interproton Distances for a Rotating Proton Pair Attached to a 
Sphere" 

T C T, A T) r (% error)* 

1 X IQ-

1 X 10"° 

X 10"» 

1 X 10"6 

1 X 10"* 

1 X 10" 

1 X 10"12 

1 X 10"9 

1 X 10-

I X 10"' 

0 
30 
60 
90 
0 
30 
60 
90 
0 
30 
60 
90 
0 
30 
60 
90 
0 
30 
60 
90 

0.50 
0.50 
0.50 
0.50 

-0.60 
-0.59 
-0.34 
-0.59 
-0.60 
-0.35 
-0.02 
-0.01 
-1 
-1 
-1 
-1 
-1 
-I 
-0.95 
-1 

3.46 (0) 
3.69 (7) 
4.06(17) 
4.03 (17) 
3.46 (0) 
4.05 (17) 
7.26(110) 
4.36 (26) 
3.46 (0) 
3.85(11) 
6.14(77) 
6.86 (98) 
3.46 (0) 
4.05(17) 
6.92(100) 
4.36 (26) 
3.46 (0) 
4.05(17) 
6.89 (99) 
4.36 (26) 

"Other fixed parameters for this calculation are the following: u = 
2ir X 500 MHz, Rs = 0. br is in A. Deviation from the distance cal­
culated by using the rigid isotropic model (r = 3.46 A). 

20,0 30.0 40.0 50.0 60.0 70.0 80.0 90.0 

Figure 1. NOE enhancements, n, as a function of the angle A for a 
rotating proton pair attached to a sphere: (D) TC = 1 X 10"12, rr = 1 X 
10-'2; (O) r e = l X 10"», rr = 1 X 10"12; (A) TC = 1 X 10^, T, = 1 X 10^; 
(+) TC = 1 X 10"8, T1=IX 10~12; (X) T 1=IX 10"8, rr = 1 X 10-°; (0) 
TC = 1 X 10"«, T 1 = I X 10"12; (V) T 1 = I X 10"6, r , = l X 10-». 

Figures 1-5. Given a molecule with T, and T2, a pair of protons 
at internuclear distance r moving with internal correlation time 
Tn the Ti or cross-peak evolution for the protons as a function of 
a and A can be read from the plots. The tables contain the 
calculated value for r that would result from assuming the rigid 
isotropic model. When a and/or A are equal to 0 the result is 
identical with that obtained with use of the rigid isotropic spectral 
densities. The calculations reveal that there are a wide variety 
of cases where both rj and slope are sensitive to the overall shape 
of the molecule, to the orientation of the protons in the molecule, 
and to the rate of internal motional averaging. The error in 
determining the interproton distance, as determined from the initial 
slope of the cross-peak buildup curves, can also be found in the 
tables. The error represents the amount the distance is miscal­
culated when the simple, rigid isotropic model is applied. 

Case 1: Ellipsoids with Internal Rotation. The spectral density 
functions for an ellipsoid with internal rotation are given by eq 
1 and the related equations in the Appendix (supplementary 

mix 
Figure 2. Initial slopes of cross-peak evolution as a function of A [(D) 
0°, (O) 30°, (A) 60°, (+) 90°) for a rotating proton pair attached to a 
sphere: (a)'(—) TC = 1 X 10"6, T, = 1 X 10"»; (b) (—) r , = lX 10"», 
r r = I X 10"'2; (•••) r t = l x 10"», T 1 = I X 10"». 

material). The simplest ellipsoid is a sphere, the approximate 
shape of many biomacromolecules. This case has been treated 
in the literature" and was recently extended to systems where 
significant external relaxation (paramagnetic metal) is present.15 

In contrast to the earlier treatments, here we choose to keep the 
correlation times TC and rr fixed and evaluate the cross-relaxation 
as a function of the angle for internal motion. Figure 1 shows 
the angular dependence of rj for a spherical molecule with an 
attached proton pair rotating about A. When internal rotation 
is considered, r) can depend strongly on the orientation of the pair 
even for isotropic global motion. Parts a and b of Figure 2 depict 
the cross-peak evolution for spherical molecules with a rotating 
pair. The rates of growth of cross-peak intensity are clearly 
dependent on A. When TC is well into the spin-diffusion regime 
(Figure 2a) the initial slope is linear only at very short mixing 
times. With shorter correlation times (Figure 2b) the initial 
growth of the intensities as a function of time is linear. The slopes 
are dependent on A in spite of the fact that both TC and rr were 
set to I X l O - 9 s. Similar results were obtained for TC = 1 X 10"8 

(supplementary material). The variation in the slopes is due to 
the BA, B%, and Bc terms in eq 1. Table I summarizes the in-

(15) Duben, A. J.; Hutton, W. C. J. Magn. Reson. 1990, 88, 60. 
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Table II. Nuclear Overhauser Effect Enhancements and Calculated Interproton Distances for a Rotating Proton Pair Attached to Prolate 
Ellipsoids'1 

r (Jc error') 
n 
r (Jo error') 

V 
r (Jc error*) 

r (Jc error*) 

1 
r (Jc error*' 
V 
r (Jc error') 

n 
r (Jo error*) 
1 
r (Jc error*) 

r (Jc error*) 
V 
r (Jc error*) 

r (Jc error') 

r (Jc error' 

n 
r (Jc error') 
V 
r (Jc error' 

V 
r (Jc error* 
V 
r (Jo error* 

r (Jc error* 

r (% error' 

1 
r (Jc error' 
1? 

r (Jo error' 

1 
/• (% error' 
V 
r (Jc error' 

a 

0 

30 

0 

30 

0 

30 

0 

30 

0 

30 

0 

30 

0 

30 

0 

30 

0 

30 

0 

30 

0 

30 

0 

0.50 
3.46 (0) 
0.50 
3.52(2) 

-0.60 
3.46 (0) 
-0.54 
3.55 (2) 

-0.60 
3.46 (0) 
-0.54 
3.55 (2) 

-0.99 
3.46 (0) 
-0.99 
3.52 (2) 

-0.99 
3.46 (0) 
-0.99 
3.52(2) 

-1.0 
3.46 (0) 
-1.0 
3.52 (2) 

-1.0 
3.46 (0) 
-1.0 
3.52 (2) 

-1.0 
3.46 (0) 
-1.0 
4.04(17) 

-1.0 
3.46 (0) 
-1.0 
4.04(17) 

-1.0 
3.46 (0) 
-1.0 
4.05 (17) 

-1.0 
3.46 (0) 
-1.0 
4.05 (17) 

30 

0.50 
3.71 (7) 
0.50 
3.75 (8) 

-0.59 
4.05 (17) 
-0.53 
4.15 (20) 

-0.32 
3.90 (13) 
-0.29 
3.99(15) 

-0.99 
4.05 (17) 
-0.99 
4.12(19) 

-0.91 
3.98 (15) 
-0.90 
4.04(17) 

-1.0 
4.05 (17) 
-1.0 
4.12 (19) 

-1.0 
4.05 (17) 
-1.0 
4.12 (19) 

-1.0 
4.05(17) 
-1.0 
4.73 (37) 

-1.0 
4.05 (17) 
-1.0 
4.72 (37) 

-1.0 
4.05 (17) 
-1.0 
4.73 (37) 

-1.0 
4.05(17) 
-1.0 
4.73 (37) 

A 

60 90 

T1 = 5 x 10"13; T2 = 
0.50 0.50 
4.12(19) 4.06(17) 
0.50 0.50 
4.13(19) 4.10(19) 

T1 = 5 X 10-'°; T2 = 
-0.34 -0.59 
7.26(110) 4.36(26) 
-0.29 -0.53 
7.51 (117) 4.47(29) 

T1 = 5 X 10"10; T2 = 
0.02 0.01 
C C 

0.02 0.03 
C C 

-0.93 
6.94(101) 
-0.93 
7.07 (104) 

T| = 

-0.34 
5.73 (66) 
-0.34 
5.77 (67) 

X IO"9; T2 = 
-0.99 
4.36 (26) 
-0.99 
4.44 (28) 

5 X 10~9; T2 = 
-0.70 
4.40 (27) 
-0.67 
4.49 (30) 

T1 = 5 X 10"7; T2 = 
-1.0 -1.0 
6.92(100) 4.36(26) 
-1.0 -1.0 
7.04(103) 4.44(28) 

r, = 
-0.95 
6.89 (99) 
-0.94 
7.01 (103) 

T\ = 
-1.0 
6.92(100) 
-1.0 
8.08(134) 

Ti • 

-0.94 
6.90 (99) 
-0.87 
8.02(132) 

n = 
-1.0 
6.92 (100) 
-1.0 
8.09(134) 

T| = 

-0.97 
6.93 (100) 
-0.93 
8.09(134) 

5 X IO"7; T2 = 
-1.0 
4.36 (26) 
-1.0 
4.44 (28) 

•• 10"»; T2 = 1 
-1.0 
4.36 (26) 
-1.0 
5.09 (47) 

= IO"9; T2 = 1 
-1.0 
4.36 (26) 
-0.99 
5.09 (47) 

10""; T2 = 1 
-1.0 
4.36 (26) 
-1.0 
5.10(47) 

= 10"n; T2 = 1 
-1.0 
4.36 (26) 
-1.0 
5.10 (47) 

1 X 10-'2; Tr = 
1 
r (Jc error') 
n 
r (Jc error*) 

1 X 10"'; Tr = 

r (Jc error*) 
V 
r (Jc error') 

1 X 10"'; T, = 

r (Jc error') 

n 
r (Jc error*) 

1 X 10"8; Tr = 
V 
r (Jc error*) 
V 
r (Jc error*) 

1 X IO"8; T, = 
V 
r (Jo error*) 
V 
r (Jc error*) 

1 X 10"*; T, = 
n 
r (Jc error*) 
V 
r (Jc error*) 

1 X 10"6; T, = 
>! 
r (Jc error*) 
V 
r (Jc error') 

X IO"6; T, = 1 
1 
r (Jc error') 
1 
r (Jc error') 

X 10"«; T, = 1 
1 
r (Jo error') 
V 
r (Jc error*) 

X 10"*; Tr = 1 
V 
r (Jc error*) 
V 
r (Jo error') 

X IO"6; T, = 1 
V 
r (Jc error*) 
1 
r (Jc error') 

a 0 

1 X IO"'2 

60 0.50 
3.63 (5) 

90 0.50 
3.67 (6) 

1 X 10"12 

60 -0.43 
3.72 (7) 

90 -0.38 
3.80(10) 

1 X 10"' 
60 -0.43 

3.72 (7) 
90 -0.38 

3.80(10) 

1 X 10"12 

60 -0.99 
3.63 (5) 

90 -0.99 
3.67 (6) 

1 X 10"9 

60 -0.99 
3.63 (5) 

90 -0.99 
3.67 (6) 

1 X IO"12 

60 -1.0 
3.63 (5) 

90 -1.0 
3.67 (6) 

1 X IO"9 

60 -1.0 
3.63 (5) 

90 -1.0 
3.67 (6) 

X 10"12 

60 -0.99 
6.67 (93) 

90 -1.0 
4.36 (26) 

x 10-' 
60 -0.99 

6.67 (93) 
90 -1.0 

4.36 (26) 

X 10"12 

60 -0.97 
6.93 (100) 

90 -1.0 
4.36 (26) 

x 10"* 
60 -0.97 

6.93 (100) 
90 -1.0 

4.36 (26) 

30 

0.50 
3.83(11) 
0.50 
3.86(12) 

-0.42 
4.36 (26) 
-0.37 
4.46 (29) 

-0.22 
4.19(21) 
-0.19 
4.30 (24) 

-0.99 
4.25 (23) 
-0.98 
4.30 (24) 

-0.88 
4.16 (20) 
-0.87 
4.20(21) 

-1.0 
4.24 (23) 
-1.0 
4.29 (24) 

-1.0 
4.24 (23) 
-1.0 
4.29 (24) 

-0.99 
7.80(125) 
-1.0 
5.10(47) 

-0.93 
7.74(124) 
-0.99 
5.09 (47) 

-0.96 
8.11 (134) 
-1.0 
5.10 (47) 

-0.92 
8.09(134) 
-1.0 
5.10(47) 

A 

60 

0.50 
4.15(20) 
0.50 
4.17(20) 

-0.20 
8.07 (133) 
-0.16 
8.37 (142) 

0.04 
C 

0.04 
C 

-0.91 
7.30(111) 
-0.90 
7.38 (113) 

-0.32 
5.83 (69) 
-0.31 
5.85 (69) 

-1.0 
7.26(110) 
-1.0 
7.34(112) 

-0.93 
7.22 (109) 
-0.93 
7.30(111) 

-0.96 
13.36(286) 
-1.0 
8.71 (152) 

-0.36 
12.11 (250) 
-0.81 
8.64(150) 

-0.93 
13.9(302) 
-1.0 
8.72(152) 

-0.32 
13.75 (297) 
-0.85 
8.78(154) 

90 

0.50 
4.16 (20) 
0.50 
4.18 (21) 

-0.42 
4.69 (36) 
-0.37 
4.79 (39) 

0.06 
C 

0.07 
C 

-0.99 
4.57 (32) 
-0.99 
4.63 (34) 

-0.63 
4.64 (34) 
-0.61 
4.70 (36) 

-1.0 
4.57 (32) 
-1.0 
4.63 (34) 

-0.99 
4.57 (32) 
-0.99 
4.63 (34) 

-0.99 
8.40(143) 
-1.0 
5.49 (59) 

-0.82 
8.44 (144) 
-0.98 
5.49 (59) 

-0.97 
8.74(152) 
-1.0 
5.49 (59) 

-0.86 
8.78 (154) 
-0.99 
5.49 (59) 

"Other fixed parameters for this calculation are the following: a = 2ir X 500 MHz, R^ = 0. */• is in A. Deviation from the distance calculated 
by using the rigid isotropic model (r = 3.46 A). crj would be too small to measure. 

formation in Figures 1 and 2 as well as the errors produced when 
r is evaluated on the basis of the rigid isotropic model. In all cases 
the initial slope of the cross-peak evolution is a function of both 
the internuclear distance and the angle of internal motional av­
eraging. 

The errors reported in Table I are independent of the assumed 
internuclear distance. The Rc term in eq 4 is a sum of two spectral 
density functions. Both J factors used to calculate the internuclear 
distance are products of the r-6 term and a term with geometric 

dependence, the spatial term. When comparing calculated dis­
tances with use of the initial slope method, the r-6 terms cancel 
leaving only the spatial terms. Regardless of the value chosen 
for the reference distance, the same relative prediction of distance 
is given by the rigid isotropic model and the percent error does 
not vary. 

The initial slopes of the cross-peak evolution depend on angle 
and rr even in the two extreme cases (TC = 1 X 1O-'2 and TC = 
1 X 1O-6). For very long correlation times the calculated distances 
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Figure 3. (a) Definition of the angles and correlation times for a proton pair attached to a molecule with the shape of a prolate ellipsoid (T, < T2). 
The correlation times for the major axis of rotation, the minor axis of rotation, and unrestricted internal rotation of the proton pair, separated by r, 
are T,, T2, and T,, respectively. The case where T, > T2 represents an oblate ellipsoid, (b-d) NOE enhancements, T/, as a function of angles a and A 
for a rotating proton attached to a prolate ellipsoid. Positive enhancements, extreme-narrowing, and negative enhancements, below extreme-narrowing, 
are represented by solid and dashed lines, respectively. Contour spaces are units of 0.1 r/. These plots also apply to two-dimensional cross-relaxation 
spectra (NOESY) recorded at the optimum mixing time.'4 The cross-peak intensity is obtained by simply reversing the sign of r/. (b) T1 = 5 X 10"'°, 
T2 = 1 X 10"9, Tr = 1 X 10-9; (c) T1 = 5 X 10"', T2 = 1 X 10"8, Tr = 1 X 10"»; (d) T, = 5 X IO"'0, T2 = 1 X 10"', T 1 = I X 10"'2. 

were double the true distance when A was near the magic angle 
(54.7°). When TC was given values close to those expected for 
many biomacromolecules (10-8-10-9 s), the TJS and calculated 
proton-proton distances depended on both the rotational corre­
lation time and the orientation of the rotor. Usually the strongest 
effects were observed for values of A near the magic angle. For 
most cases, the predicted distances and r/s rose on both sides of 
the magic angle and then decreased as A approached 0° or 90°. 
The case where TC and Tr = 1 X 10"9 is noteworthy. The value 
of T) approaches 0 when A is greater than or equal to the magic 
angle yet the predicted distance increased over the same angular 
range. In contrast, other combinations of TC and T, give distance 
errors of approximately 25% as A approaches 90°. The combi­
nation of numbers for a sphere is important. For a smaller or 
faster moving sphere (TC = 1 X 10"12), T/S of 0.5 are found re­
gardless of T,. The conditions TC = 1 X 10"9 and r r = l x 10~12 

likewise produce a response similar to that shown in Figure 1. A 
large or slow moving sphere (TC = 1 X 10"6) is in the spin-diffusion 

regime. In Figure 1 T, values of 1 X 10"9 to 1 X 10"12 yield regions 
near A equal to the magic angle that have 7/s ^ - 1 . The intuitive 
notion that very slow overall tumbling (TC = 1 X 1O-6) will always 
give enhancements of -1 fails. Even for a case as simple as a 
sphere with a rotor, conclusions drawn from experimental data 
where the details of geometry have not been taken into account 
can be in error. 

As previously discussed, the analysis of anisotropic ellipsoids 
requires the addition of two additional parameters (T2 and a) to 
characterize motional averaging. When comparing the rotations 
of a sphere to those of a nonspherical ellipsoid, T2 for the prolate 
or oblate ellipse compares directly to TC for the sphere. Accordingly 
T2 is more important than T, in the spectral density terms. 

Asymmetric biomacromolecules such as proteins, oligo­
saccharides, and larger DNA/RNA fragments do not deviate 
greatly from a sphere when the ratio of T, and T2 is calculated. 
Parts b-d of Figure 3 show that the angular dependence of j] in 
prolate ellipsoids is sensitive to relatively small anisotropics in 
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Table III. Nuclear Overhauser Effect Enhancements and Calculated 
lnterproton Distances for a Rigid Proton Pair Attached to Prolate 
Ellipsoids" 

T, T2 A ij r (% error*) 

5 X IQ-'3 1 X IO"12 

o 
a -
(D 

5 X IO"10 

5 X IO-9 

5 X IO' 7 

X IO"9 

I X IO"11 

1 X IO"9 

1 X 10"8 

I X IO"* 

1 X 10"6 

1 X IO"6 

0 
30 
60 
90 
0 
30 
60 
90 
0 
30 
60 
90 
0 
30 
60 
90 
0 
30 
60 
90 
0 
30 
60 
90 

0.50 
0.50 
0.50 
0.50 
-0.60 
-0.54 
-0.43 
-0.38 
-0.99 
-0.99 
-0.99 
-0.99 
-1.0 
-1.0 
-1.0 
-1.0 
-1.0 
-1.0 
-0.99 
-1.0 
-1.0 
-1.0 
-0.97 
-1.0 

3.46 (0) 
3.52 (2) 
3.63 (4) 
3.67 (6) 
3.46 (0) 
3.55 (2) 
3.72 (7) 
3.80 (10) 
3.46 (0) 
3.52 (2) 
3.63 (5) 
3.67 (6) 
3.46 (0) 
3.52 (2) 
3.63 (5) 
3.67 (6) 
3.46 (0) 
4.04(17) 
6.67 (93) 
4.36 (26) 
3.46 (0) 
4.05(17) 
6.93 (100) 
4.36 (26) 

" Other fixed parameters for this calculation are the following: u = 
2ir X 500 MHz, R, = 0. br is in A. Deviation from the distance cal­
culated by using the rigid isotropic model (r = 3.46 A). 

molecular shape (molecular width 80% of molecular length). The 
correlation times used to generate Figure 3b,c are similar to those 
found for a slowly rotating proton pair in small proteins, medium 
sized oligosaccharides, or small DNA/RNA duplexes. The an­
gular dependence of IJ is similar to that of the corresponding sphere 
with internal motion. The a dependence is small. Figure 3b 
demonstrates that the critical correlation time (when IJ = 0) can 
be highly dependent on A. As T, and T2 approach the inverse of 
the spectrometer frequency and rr is small (fast internal rotation), 
the a dependence increases (Figure 3d). In addition there is a 
magic-angle effect for A. For a much larger molecule spin dif­
fusion (T2 s 1 X 1O-6 to 1 X 10"7) will dominate. The magic angle 
effect for A is manifested over only a 6° range of angles (52° 
through 58°). Otherwise »j approaches a value of -1 (see sup­
plementary material). In very large molecules faster internal 
rotation of the proton pair narrows the range of the magic angle 
effect even more (see supplementary material). The magic angle 
effect for A becomes smaller as T1 and T2 become larger. 

The corresponding distance errors for prolate ellipsoids calcu­
lated with eq 4 can be found in Table II. For prolate ellipsoids 
the distances calculated with the standard assumptions are always 
longer than the actual distance. It is worth noting that the 
calculated distance can be in error by very large amounts even 
in cases where the value found for IJ is close to that predicted by 
the rigid isotropic model. This is shown graphically in the sup­
plementary material. When T, and T2 are large (spin-diffusion), 
the slopes still depend on a and A. However, the calculated 
internuclear distance assuming the rigid isotropic model is in­
sensitive to the internal correlation time, rr As was observed in 
Figure 2a, for long correlation times the initial slope is linear over 
only a very short range of mixing times. Additional plots of 
cross-peak evolution for other types of prolate ellipsoids are in 
the supplementary material. 

The angular dependence of ij for oblate ellipsoids where T1 =» 
T2 is similar to the prolate case except for reversal of the contour 
curvature about the a axis (see supplementary material). The 
errors in the calculated internuclear distance are listed in a table 
in the supplementary material. The errors are similar in magnitude 
to those found for prolate ellipsoids but the patterns are different. 
The order of the angular dependence of the slopes has changed. 
Graphs of the cross-peak evolution for oblate ellipsoids are in the 
supplementary material. Except for when A is close to 0, the 
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Figure 4. NOE enhancements, IJ, as a function of angles a and A for a 
rotating proton attached to a highly anisotropic prolate ellipsoid. Positive 
enhancements, extreme-narrowing, and negative enhancements, below 
extreme-narrowing, are represented by solid and dashed lines, respec­
tively. Contour spaces are units of 0.1 IJ. These plots also apply to 
two-dimensional cross-relaxation spectra (NOESY) recorded at the op­
timum mixing time.14 The cross-peak intensity is obtained by simply 
reversing the sign of ij. T, = 1 X IO"'1, T2 = 1 X IO"6, T, = 1 X IO"9. 

distances predicted by the rigid isotropic model are found to be 
too long. 

Molecules in phospholipid bilayers, micelle components, and 
a variety of semiflexible polymer systems studied in the material 
sciences undergo far more anisotropic averaging than do proteins. 
Figure 4 contains the angular dependence of tj for an anisotropic, 
prolate ellipsoid. The results indicate there is a strong dependence 
of T) upon a and A for molecules with highly anisotropic motional 
averaging. The magic angle effect, which is present for both angles 
of rotation, is important over a wide range of angles when internal 
rotation is slow. As the rotation about the major axis of the 
ellipsoid decreases, the range of the magic angle effect is somewhat 
diminished (plots shown in the supplementary material). The value 
of r; observed when a or A is in this range would be misinterpreted 
as a smaller enhancement or a weaker cross-peak under the 
conventional, rigid isotropic rotor assumption. Anisotropic 
molecules have the largest dependency of their initial slope of the 
cross-peak evolution on a and A. Furthermore, many of the curves 
overlap making an unambiguous interpretation with measurements 
at a single magnetic field strength impossible (see supplementary 
material). The errors in r as measured by cross-peak evolution 
are tabulated in Table II. The distance errors are very large 
(300%) near the magic angle. Only when a and A are both near 
0° do the distance errors fall below 20%. 

Highly anisotropic oblate ellipsoids represent macromolecules 
with the shape of a thin disk. To gain insight into the cross-re­
laxation behavior for this class of molecules, the angular depen­
dence of IJ was calculated (see supplementary material). The 
angular dependence is much different than that for prolate el­
lipsoids. There is no sensitivity to the magic angle, but the observed 
i; is sensitive to the value of A and relatively insensitive to a. When 
T1 = 1 X 10-*, T2 = 1 X IO"9, T, = 1 X IO"9, the value of IJ drops 
by a factor of 4 as A goes from 30° to 60°. A table in the 
supplementary material contains the results of cross-peak evolution 
calculations for oblate ellipsoids. The predicted distances for oblate 
ellipsoids exhibit greater errors for slower internal motion. The 
errors change from overestimates to underestimates as the proton 
pair's internal motion decreases and as the degree of anisotropy 
increases. Graphs of the cross-peak evolution of oblate ellipsoids 
with slow and fast internal motion are also deposited in the 
supplementary material. The initial slopes vary more with in-
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0,0 10.0 20.0 30.0 4-0.0 50.0 60.0 70.0 BO.O 90.0 

Figure 5. NOE enhancements, 17, as a function of the angle A for a fixed 
proton pair attached to prolate and oblate ellipsoids: (D) r, = 5 X 1(T10, 
T2 - 1 X 10"»; (O) T, - 2 X 10"', T2 = 1 X 10"»;; (A) T, = 1 X 10"«, T2 
= 1 X 10-»; (+) T1 = 1 X 10"», T2 = 1 X IO"6; (X) T1 = 1 X 10"6, T2 = 
1 X irr"; (0) T1 = 1 X IO'", T2 = 1 X 10"6. 

creased internal rotation relative to the prolate case. 
Case 2: Ellipsoids with No Internal Rotation. When the two 

protons are rigidly attached to the surface of a sphere, the motion 
of the protons is perfectly isotropic. In fact, this is the widely used 
rigid isotropic model for calculating the spectral density functions. 
There is no angular dependence for cross-relaxation in this case. 
Both 7) and the rate of cross-peak evolution depend only upon a 
single correlation time and the internuclear distance. 

A rigid proton pair in a prolate ellipsoid is a simple model for 
protons in the backbone of a peptide, for amide N-H protons in 
a /3-sheet assembly, and for protons in DNA/RNA fragments. 
When the proton pair is rigid, the angle a has no meaning (see 
eq 5). Figure 5 illustrates the dependence of 77 on A for both 
prolate (T, < T2) and oblate (T, > T2) ellipsoids. Near the magic 
angle the calculated 7; deviates significantly from the value pre­
dicted by the rigid isotropic model. For highly anisotropic, prolate 
ellipsoids where T2 is well into the spin-diffusion domain (T2 « 
1 X 10"*), the magic angle effects are particularly strong. In 
Figure 5 both cases where T2=IXKr* generate r/s near -1 except 
when A is near the magic angle. The maximum at the magic angle 
is higher for smaller Ti values. For anisotropic, prolate ellipsoids 
the calculated 77 deviates significantly from the value predicted 
by the rigid isotropic model when A is near the magic angle. As 
the motion about the major axis (T,) slows, the range of the magic 
angle effect is reduced. The angular dependence for the initial 
slope of cross-peak evolution can be found in Table III. In contrast 
to the case with internal rotation, the errors in evaluating the 
internuclear distance are quite small when T, « T2. Significant 
errors are encountered only for highly anisotropic molecules. As 
long as the deviation from spherical symmetry is modest, the 
calculated distances will be accurate. This accounts for the 
successful application of the single correlation time model in 
determining distance constraints for rigid portions of biomacro-
molecules. 

The dependence of 77 on A for a rigid proton pair in oblate 
ellipsoids can also be found in Figure 5. The results are markedly 
different from those obtained for prolate ellipsoids. There is no 
magic angle dependence. Since T2 dominates the spectral density 
functions, T2 also dominates the determination of 77. This leads 
to the surprising predicted value for 77 of 0.5 when T, is well into 
the spin-diffusion regime (1 X 10"*) but T2 is short (1 X 1O-"). 
The angular dependence of the cross-peak evolution is also dif­
ferent than that for prolate ellipsoids. Figures that portray the 
cross-peak evolution curves for anisotropic oblate ellipsoids can 

be found in the supplementary material. The value of T2 also 
dominates the slopes of the cross-peak evolution. Errors in in­
ternuclear distance measurements using the rigid isotropic rotor 
model are small for a wide variety of T1, T2 combinations. 

Discussion 

The primary conclusion of this investigation is that homonuclear 
proton cross-relaxation is not necessarily dominated by the in­
ternuclear distance. The results show that the shape of the 
molecule, orientation, and rate of internal rotation for the rotating 
pair can be important factors. The implications of these calcu­
lations deserve some discussion. In general the enhancements are 
less sensitive to orientation than is the growth of cross-peak in­
tensity. The calculation of 77 requires taking the quotient of two 
quantities, the cross-relaxation in the numerator and the leakage 
terms in the denominator. When external relaxation is set to 0, 
the r"6 term that multiplies the spectral density functions cancels. 
The only portions of the spectral density functions that remain 
in the calculation of 77 are the spatial terms. Regardless of the 
value of r, the geometric arrangement of the proton pair determines 
the value of 77 for a given set of correlation times. By contrast 
cross-peak evolution, like 7", and T2, is a rate process. In the limits 
of the rigid isotropic approximation, the rate of change of 
cross-peak intensity depends only upon distance and a single 
correlation time. When the full expression for the spectral density 
functions is used, the spatial factors become important. Unlike 
the calculation for the enhancement, which involves quotients, 
cross-peak evolution depends on sums of spectral density functions. 
Terms involving spatial factors do not cancel, and these factors 
are even more important when calculating the cross-peak time 
dependence. 

For small molecules, which are well into the extreme-narrowing 
regime, the rigid isotropic assumption is valid except when A 
exceeds 55°. Even when A has values larger than 55° the errors 
in calculating r are barely larger than the reproducibility of the 
experimental technique. It is likely that difficulties encountered 
in stimulating experimental cross-relaxation data would result from 
ignoring the importance of cross-correlated spectral densities. In 
macromolecules, molecular shape and internal motion must be 
considered in the interpretation and simulation of experimental 
results. Fitting experimental cross-relaxation data to theoretical 
results as a function of correlation time alone is not justified. 
When internuclear distances are determined, the slope of the 
cross-peak evolution for a well-characterized proton pair is often 
used to calibrate internuclear distances. This calculation is usually 
done assuming a single correlation time. Our results indicate that 
such calibrations are not exact, except for a sphere with no internal 
motion. In all other cases, corrections should be applied for the 
shape of the molecule, the orientation of the pair, and the rate 
of internal motion. Fortunately, calibrations for rigid protons in 
molecules approximating the shape of a sphere will have errors 
on the order of current experimental inaccuracies. Pairs whose 
internuclear distances are to be calculated on the basis of the 
calibration will need to have similar corrections for shape, ori­
entation, and internal motion. Side chains of proteins or other 
portions of macromolecules that have free rotation will be best 
evaluated by using the full equations for the spectral density 
functions presented here. Several representative calibrations for 
various types of proton pair geometries in a molecule may prove 
useful. For instance, the symmetry properties of the DNA helix 
would make multiple calibrations attractive for refining distance 
constraints in large DNA/RNA fragments. Similar symmetry 
considerations inherent in amino acid helices and /3-sheet structures 
would also be worth exploration when quantitative simulation of 
experimental cross-relaxation experiments fails. 

Qualitative conclusions are also compromised when geometrical 
factors and internal motion are not considered. The use of general 
categories of strong, medium, or weak cross-peaks to qualitatively 
rank distances can be unreliable. Cases were presented in which 
nuclear Overhauser enhancements completely disappear depending 
on orientation and shape and rate of internal motion. Likewise, 
the characterization of behavior as being extreme-narrowing or 
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spin-diffusion becomes meaningless as each pair of protons may 
exhibit either behavior or behavior between the extremes. The 
relative sign of a cross-peak will not necessarily accurately reflect 
the rate of global molecular reorientation. Extreme-narrowing 
(anti-phase with respect to the diagonal) cross-peaks observed in 
NOESY spectra of macromolecules should not be ignored or 
automatically assigned to artifacts. The simulations show that 
motional averaging about an angle in the range of 50° to 60° will 
produce this type of cross-peak. Indeed, confirmation of a negative 
cross-peak would yield a new structural constraint. A spatial 
constraint would define a range of angles for the orientation of 
motional averaging of a proton pair with respect to the major axis 
of global molecular reorientation. 

The calculations indicate that highly anisotropic molecular 
orientation will produce results that cannot be explained by 
calculations on the basis of the rigid isotropic assumptions. 
Oriented molecules in lipid bilayers and micelles or semiflexible 
polymers encountered in material sciences demand application 

Introduction 
With this paper we provide some material for a discussion of 

thallium(I)-thallium(I) and indium(I)-indium(I) interactions 
whose tendencies to form unusual contacts cannot be overlooked, 
yet whose bonding character remains mostly unclear. We will 
carry out our theoretical study on the basis of the very simple, 
semiempirical, extended Hiickel formalism. We are aware of its 
limitations: It is a one-electron model with no spin-orbit coupling, 
no configuration interaction. Relativistic effects, likely to be 

of the full spectral density functions. In extremely high magnetic 
fields (1H frequencies >500 MHz) molecules with large dipole 
moments are known to align along the direction of the static field. 
The results for highly anisotropic motion (T, « T2) would become 
important under these circumstances. 

While we have only considered isolated spin pairs, the spatial 
aspects of spin topology and internal motion will be important 
for understanding cross-relaxation in multiple-spin relaxation 
networks. Multiple-spin networks, including the effects cross-
correlated spectral densities, are now under investigation in our 
laboratories. 

Supplementary Material Available: An Appendix describing 
the theoretical section in more detail, additional plots of the 
angular dependence of J?, the NOESY cross-peak evolution for 
a variety of molecular sizes and shapes, and tables containing 
calculations of r\ and distance errors for oblate ellipsoids (47 pages). 
Ordering information is given on any current masthead page. 

important for heavy atoms, are not accounted for explicitly, only 
in our choice of parameters (which may be problematic in itself). 
We also cannot satisfactorily optimize most structures. But we 
are certain that within our model we can develop a chemical 
understanding, an analysis of those structural types in which 
Tl1-Tl1 and In'-In1 bonding interactions are likely to be present. 

Of course, the problems discussed here are related to the larger 
question of stereochemical activity of a lone pair in compounds 
of elements that have an s2 configuration.1 

Tl-Tl1 and In1-!!!1 Interactions: From the Molecular to the 
Solid State 

Christoph Janiak and Roald Hoffmann* 

Contribution from the Department of Chemistry and Materials Science Center, Cornell 
University, Ithaca, New York 14853. Received November 6, 1989 

Abstract: The influence of the ligand geometry on Tl'-Tl1 and In'-In1 bonding has been studied within the extended Hiickel 
framework, looking at the following observed molecular and solid-state structures or structural types (respective metal moiety 
given in parentheses): J(PhCHj)5C5TlZInI2 (dimer), (TlOMe)4 (bridged tetramer), Tl2Te2

2" (bridged dimer), JMe5C5In)6 (octahedral 
hexamer), IMeC5H4In). (dimers), TlS = TI1Tl111S2 (TlSe-type, linear chains), InnMo40O62 (chain segments), InMo4O6 (linear 
chain), and TlCo2S2 (ThCr2Si2-type, square-planar nets). For Tl1 and In1 complexes with large Tl'—Tl1 and In1—In1 separations 
the ligand environment (especially the L-M-M angle) is found to be the dominant factor in determining the extent of the 
bonding interaction between the metals. The metal-metal distances in these compounds range from about 265 to 400 pm. 
We have interpreted the metal-metal interaction in these systems with the help of model complexes, such as Tl2, Tl2H2, 
IC5H5Tl/In)2, (TlOMe)2, (HIn)6, (C5H5In)6, Tl/In., |T1H4/S4L, UnO4)., Tlnets, and (TIH4/S„U with the ligands in various 
geometrical arrangements. Starting the analysis with a bare TI2 dimer or TL chain, it is shown that a mixing of empty p 
levels into the filled s combinations is the basis for a bonding interaction. The behavior of the overlap population as a function 
of the ligand geometry is then studied. A detailed angle variation in Tl2H2 helped us to understand why one passes from an 
almost nonbonding situation in the linear arrangement, over a region of strong bonding upon trans-bending of the hydrogens, 
to again reach a nonbonding interaction in the bridging geometry. What happens in the trans-bending in Tl2H2 is closely 
related to the orbital interactions in the pyramidalization OfAH3 systems (e.g. NH3) and the bending of AH2 molecules (e.g. 
H2O). Calculations on the more realistic examples (TIOMe)2, (C5H5T1/In)2, and Tl2Te2

2" confirmed that a trans-bent geometry 
with a ligand-M-M angle close to 120° gives an optimum overlap population at a relatively long, fixed Tl'—Tl1 or In'-In1 separation 
in molecular systems. A bridging ligand geometry, either in a molecular complex or in an extended structure, generally gave 
a non- or antibonding metal-metal overlap population. This is in agreement with the apparent general consensus in the literature 
that the bridged species do not display any Tl-Tl interactions. Dimers where the trans-bent geometry has been observed, despite 
their long M-M contacts (such as 363 pm as in j(PhCH2)5C5Tl/In)2), can be assigned a definite M'-M' bonding interaction. 
The bonding in solid-state structures with Tl'-Tl' or In'-In' contacts was analyzed with the help of band structure diagrams, 
density of state, and crystal orbital overlap population plots. A prior look at the interaction in a (molecular) Tl2 dimer in 
a square-pyramidal or cubic ligand field facilitated the interpretation. Extended structures showed an optimum at ligand-M-M 
angles of 90°, resulting in a square-planar ligand field for metal chains or an on-top/bottom position in metal nets. While 
a square-planar ligand field increases the s-p2 mixing, hence overlap population, with respect to the bare Tl/In chain or net, 
a cubic ligand environment widens the s-pz energy gap, thereby decreasing mixing and overlap population. 
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